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Abstract 

We consider a single-server system with stations at each point of the real 
'5 , line. The customer arrivals are given by a Poisson point processes on the 

space-time half plane. The server adopts a greedy routing mechanism, travel- 
ing towards the nearest customer, and ignoring new arrivals while in transit. 
We study the trajectories of the server and show that its asymptotic position 
| diverges logarithmically in time. 

00 

1 Introduction 

In this paper we study the asymptotic behavior of a greedy single-server system on 
the real line, where customers arrive as a Poisson rain. The system is described as 
^ follows. Initially there is a Poisson field of customers in M and the server starts at 

x = 0. Customers arrive as a Poisson point process in the space-time R x W + with 
intensity 1. When not serving, the server chooses the nearest customer and travels 
towards it at speed < v ^ oo, ignoring new arrivals. The service then takes T 
units of time with ET = 1, after which the customer leaves the system. This is a 
common example of a routing mechanism that depends on the system state, and 
targeting the nearest customer is known as a greedy strategy. 

The understanding of customer-server systems with a large number of service sta- 
tions having some spacial structure is often obscured by their combinatorial as- 
pects. On the other hand, continuous-space approximations are more transparently 
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described. However, systems with greedy routing strategies in the continuum are ex- 
tremely sensitive to microscopic perturbations, and their rigorous study represents a 
challenging problem (see [I] and references therein). The question of stability, which 
is fundamental in many cases, is inadequate for the greedy server on the infinite real 
line. The latter serves rather as a model that captures the local behavior of other 
systems where the total arrival rate is finite, such as the greedy server on the circle 
introduced in pQ. 

Let St denote the server position at time t. 

Theorem 1. Assume that Ke aT < oo for some a > 0. Then for any v > the 

greedy server on the real line is transient. Moreover, 

±1 



logt 

with probability 1/2 each. 

Remark 1. We present a proof for T = 1 and v = oo in this paper to simplify the 
presentation. The same proof works for any v > and i.i.d. service times T with 
an exponential moment after a few straightforward adaptations, which we omit as 
they would require more cluttered notation without introducing any new idea. On 
the other hand, it is important that the arrivals form Poisson Process in space-time, 
and that they are independent of the service times. 

Remark 2. Assume that at time 0— the set of waiting customers is distributed 
as a Poisson Point Process with intensity fi(x)dx, for some non-negative bounded 
measurable function \x with J \i = oo, and with an additional deterministic finite set 
of points. Then Theorem [1] remains true (with essentially the same proof), except 
for the lack of symmetry in the probabilities of St diverging to +oo or — oo. 

Remark 3. There is a dynamic version of the greedy server, where new arrivals are 
not ignored while the server is traveling. This variation might be studied by similar 
arguments, but the dynamic mechanism introduces some extra complications that 
will not be considered here. 

Heuristically, the asymptotics described by Theorem [1] is what one should expect to 
happen, assuming that the server will indeed move most of the times in the same 
direction. Suppose that all of the first N customers were found to the right of the 
server. The typical distance between the server and the next customer to the right is 
about j^, because customers have been arriving to this region for about N time units. 
To the left of the server there are regions of size about j^zi, jv-3; e ^ c -' wnere 
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the arrival of customers is rather recent: they must have happened during the last 
1, 2, 3, etc., units of time. If the server is eventually moving only to the right (or the 
excursions to the left are very sparse in time), the server position Sn should therefore 
diverge as log N. However, the probability that the next customer is found to the left 
of the server is about which implies that it will happen some time in the future. 
In fact, the server will make an excursion of length to the left for infinitely many 
N, for any constant c. Nevertheless, the probability that the two next customers are 
both to the left is about j^. One may thus push this argument and show that indeed, 
with positive probability, the system will never produce microscopic scenarios which 
could - together with this local routing mechanism - cause important changes in 
the server's course. 

The same asymptotics has been obtained in [2] for a continuous model in R where 
there is no greedy mechanism, and the server is always moving to the right. A model 
with a discrete set of stations Z and greedy routing scheme was considered in [3], 
where the possibility of backward jumps is eventually overwhelmed by the typical 
macroscopic configurations within each of the service stations. In the continuous 
system we show that, unlike the discrete variant, the server does change direction 
infinitely often, but eventually all the changes in direction are reverted immediately. 

Our approach is based on the customers environment as viewed from the server. 
Namely, it learns only the information that is necessary and sufficient to determine 
the next movement, and the positions of further waiting customers remain unknown. 

This paper is divided as follows. In Section [2] we present the evolution of environment 
as viewed from the server and study its properties. We state Proposition [1] about 
the behavior of the server on the real line at specific times (a block argument) and 
show how it implies Theorem [TJ In Section [3] we prove Proposition [TJ 

Notation We write a ~ e b if limsup || — l| ^ e and a ~ b if | — > 1. Each time C 
or c (resp. C t ) appears, it denotes a different constant (resp. function of e) that is 
positive, finite, and universal, a V b means max{a, b}. 

2 The process viewed from the server 

We consider a particular construction of the initial state by assuming that there 
are arrivals during t £ [—1,0], before the service starts at t — 0. This is of course 
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equivalent to simply starting at t — with a Poisson field of points. Let v denote 
the random set of arrivals in {(x, t) : x G R, t > — 1}. 

We want to construct the process by following a progressive exploration of the 
space-time until finding the mark (x*,t*) G v corresponding to the nearest waiting 
customer, getting as little information as possible about v. The server is thus un- 
aware of existing customers further than the nearest one, and keeps record of the 
last time when each point in space was explored in the seek of waiting customers. 

Recall that for simplicity we are considering the case T = 1 and v — oo, thus the 
server's position S t remains constant on intervals t G [n — l,n). 

Starting at t — 0, each region on the space has potentially witnessed the arrival of 
customers during 1 unit of time. The first customer is then found at a exponentially- 
distributed distance, to the left or to the right with equal probabilities. Discovering 
its position reveals the presence of a point in u, as well as a region where v has 
no points. For the second customer, there is a region in space that has potentially 
witnessed the arrival of customers during 1 unit of time (namely, the region explored 
on the previous step), and the complementary region has not been queried during 
the last 2 units of time. The position of the third customer is already more involved, 
and the positions of both of the previous customers are important in determining 
the regions where v is still unexplored. Yet there is a general description which is 
amenable to study, which motivates the construction described hereafter. 

A 'potential is a piecewise continuous function u : R — >■ R such that there is a unique 
point x* = S(u) where it attains its maximum Ai = M,{u) = u(x#). 

Given a pair of positive numbers w = (E, U), where < E < oo and < U < 1, 
we define the operator % w as follows. Let u be given and take z > as the unique 
number such that 




u)dx = E. 



Let 



a = M. — — z), 



b = M - u(x* + z) 



choose 
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and finally 

{M + 1, x = x*, 
M, x E [x* - z,x* + z], x ^ x*, (1) 
u(x), otherwise. 

Notice that M(H w {u)) = M{u) + 1, S(H w {u)) = x*, and f R [H w (u) - u]dx = E. 

Start with Uq : R — > R given by Uq(x) = Sq(x) — 1, let (E n ) n and {U n ) n be in- 
dependent i.i.d. sequences of exponential and uniform random variables, and write 
w n = (E n , U n ). Let u° n = 'H Wn (u° n _ 1 ) and write S n = S(u° n ). 

Lemma 1. The sequence (S n ) n= i^,... defined above has the same distribution as the 
sequence (S t -)t=i,2,... given by the positions of the greedy server at integer times. 

The lemma follows from the properties of the Poisson point process v on 

T u := {(x,t) : x G R, u(x) ^ t < oo}. 

Indeed, consider a progressive exploration at the left and right vertical boundaries of 
the continuously-expanding region {(x, t) : x* — z ^ x ^ x* + z, u(x) ^ t ^ M.{u)} as 
z increases, starting from until finding the first point (x*,t*) of v. The variable E 
is given by the area of the explored region. The variable U is related to the position 
of (x*,t*) on the union of the two disjoint vertical intervals where this region is 
growing, and is given by t* = M.{u) — \{a + b)U — a\, x* = x* + z ■ sgn[(a -I- b)U — a]. 
By the properties of a Poisson point process, E and U are independent of each other, 
distributed as standard exponential and uniform variables, regardless of how v had 
been explored outside T u . 

We now consider some properties of the operators %. Let 9 z u = u(z + •). For any 
potential u, M.{Q z u + c) = M.{u) + c and S{6 z u + c) = S(u) — z. It follows from the 
definition of TL that 

U w (9 z u + c) = 9 z 'H w (u) + c. (2) 

A potential u is said to be centered if S(u) = M.(u) = 0. Define the operator 
6 U (-) = — A4(u), so that Q u (u) is centered. For given potentials u and u, 

e e«(u) Qu = Q u 

The natural shifts in this evolving sequence of potentials (w°) n >o is given for each 
k by (Un)n^o defined as u k n := 0" 1 (11^+1)- Expanding this recursion and using ([3]) 
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yields 




n n — ft 



o-.-oU 



oH 



it follows from ^ that u k = H^(uq). Therefore Uq is determined by W\, it) 2 , • • • , w^, 
whereas (u k ) n ^ is determined by Wk+i, Wk +2 , ■ ■ ■ and itself. 

The above properties imply that the evolution of (w°) n is a homogeneous, 
translation- invariant, height-invariant, strong Markov chain in the space of poten- 
tials. At any moment k, we can take u° k and move the axes so that the origin is 
placed on its maximum (that is, apply G"°), obtaining Uq, and from this point on 
the evolution of {u k n ) n is independent of and obeys the same transi- 

tion rules. Moreover, (u k ) n is related to {u° k+n ) n by u k n = Q u ° k (u1 +n ). An example 
depicting this construction is shown in Figure [TJ 

This motivates us to define the evolution of the greedy server model starting from 
any centered potential u as the initial Uq, not necessarily given by S — 1. Namely, 
the system starts at t — 0, with customer arrivals in space-time given by a Poisson 
point process v on T u . We denote its law by P n . 

In the proof of Theorem [JJ we only use two properties of Uq(x) = 5q(x) — 1. We 
say that a potential u is unimodal if u is non- decreasing on (— oo, S(u)) and non- 
increasing on (S(u), +oo). We say that a potential u is bounded if m{u) := M.{u) — 
m.i x( ^u{x) is finite. Each of these conditions is preserved by the operators of the 
form Tiuj. Since they are also preserved by 9 Z and ui-xi + c, starting from u®(x) = 
S (x) — 1 the potentials u k n are unimodal and bounded for any k and n. 
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Figure 1: Revealing three points of v C IR x (— l,oo) to determine the greedy 
server's first steps. Before starting, the configuration is unknown on the whole 
v C IR x (— 1, 00), represented by the graph Uq(x) = 5q(x) — 1. The nearest customer 
found at time corresponds to the bold point (x*,t*) in the second plot (middle 
above), where the graph of u\ covers the region that had to be explored in order 
to find (x*,t*). After serving this customer, the point in v corresponding to the 
nearest customer corresponds to a new bold point appearing in the third plot, where 
the graph of m° covers the total region explored in these two steps. The server's 
trajectory is depicted by the arrowed, curly path, and consists of unit service times 
alternated with instantaneous space displacements. The fourth plot (below, left) 
shows the three points of v determining the construction of 11$, the region of T u o 
explored, and the path performed by the server during the interval [0,3). The 
fifth and sixth plots (below, center and right) depict the Markovian nature of this 
procedure. At the second customer's departure time, we place the axes on the 
maximum of it!], obtaining Uq. Notice that in this picture there is no record of the 
past trajectory and the location of the other two points also called (x*,t*). It turns 
out that the potential is enough in order to determine the future evolution, and we 
find the same point (x*,t*) corresponding to the next customer. 
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Grouping customers Theorem [T] is proved by grouping customers as in the fol- 
lowing proposition. Write 

e j =\12j 1 ^ + l], i = 0,1,2,.... 

Proposition 1. Let u be a centered potential, and suppose that u is unimodal. For 
any e > 0, there exists 5 > depending on e but not on the potential u, and a 
sequence of stopping times Lq, Li, L2, L%, . . . with the following properties. 

Taking a = sgnSi, Zj = ctSl., Nj = Lj — u^Slj), Qj = L J+1 — Lj and Xj = 
Zj + i — Zj, with probability at least 5 we have, for all j = 1, 2, 3, ... , 

Qj Q , Q j ■ 

xj < Xj ^ x+, (4) 

< aS n < Z j+X , for Lj < n < L j+1 , 



where 



Qj ^31 Qj &j lj 



In words, Zj is the server position after serving Lj customers, Nj is the discontinuity 
in the potential at this moment, and finally Xj measures the displacement in space 
after serving the next Qj customers. 

The above proposition is proved in the next section. Let us show how it implies the 
main result. 



Proof of Theorem [3 Let e be any positive number. The system starts at time n$ = 
from the potential and by Proposition (TJ with probability at least S the events (j4j) 
hold for all j, for some sequence of stopping times Lj. If it does not hold for all j, let 
be the first j for which condition fll]) is violated, and call n\ = £j„+i- Whether (JJ|) 
occurs or not is determined by (ti^) n =o,i,...,L J+ i- Since L J+ i is a stopping time, at 
time rix the system restarts from some unimodal bounded potential Uq 1 , ignoring the 
past history, i.e., conditioned on n\ and , (w" 1 ) n ^o is distributed as P^ 1 . Again, 
starting from such potential there is probability at least 5 that (jl]) holds for all j, 
with (u° n ) n replaced by (w™ 1 ),!- This can be repeated indefinitely, and therefore there 
will almost surely be a time n* such that for condition (jl]) holds for all j, with (w°) n 
replaced by (u™*) n . 
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By definition of I and L, we have Lj ~ 48j 5 5/ and ij/Lj ~ ^. Now, by construction 
of N, Lj ^ iVj ^ Lj + m(«o*), and therefore Nj +1 ~ iVj ~ Lj. Finally, assuming 
that flU) holds for all j, Xj ~ e IjjLj. 

But = J2i=i and putting these all together gives 

5 

Zj+i ~ e ^logj 

Finally, the position S n is given by S n = S nti + &Zj at times n satisfying n = n* + Lj, 
and therefore 

S n ~ e cr log n a.s. 

Since e was arbitrary, 

— ■ >■ 1 a.s. 

erlogn 

and using Lemma [TJ this finishes the proof of Theorem [TJ □ 



3 Block argument 

In this section we prove Proposition [TJ Let < e < |. 

At step j = 0, we find the first customer Si, take a = sgn(Si) and let Zi = a Si = 
\Si\. The next steps j = 1, 2, 3, . . . are described assuming that o = +1. 

We are going to define the event Aj that step j is successful. For each j, the occur- 
rence of Aj implies (jlj), and we will show that there exists a sequence Po>Pi>£>2> • • • > 
depending only on e, such that 

F u (A J \A J _i,A j „ 2 ,...,A ) > Pj (5) 

and 

oo 

n?i>o. (6) 

i=o 

For the latter we show that pj increases fast enough so that 1 — pj is summable, and 
that pj > for all j. Let us drop the superscript in the potentials u^- 

We start with j = 0. Take Li = Q = £ = 1, Zi = X = a Si = \Si\, and 
Ni — L\ — u(Zi). We say that Step is successful if 

Xo > Xo ■= (7) 
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otherwise we declare Step to have failed and stop. Without loss of generality 
assume that a = +1. 

Suppose that Steps 0, 1,2, — 1 have been successful and start from u^.. 

Step j may be successful in two situations. First, if each of the next lj customers 
SV +i, Sl 3 +2, ■ ■ ■ , SLj+tj satisfy S n > S n -i, in which case we take Qj = lj. Second, 
if there is one n G {Lj + 1, . . . , Lj +£j} such that Sa < S^-i, and S n > S n -i for all 
n G {Lj + 1, . . . , Lj + £j, Lj + lj + 1} except h, in which case we take Qj — £j + 1. 
If none of these two happen, we declare Step j to have failed and stop. Otherwise, 
in either of the above two cases we say that Step j is successful if (j4j) is satisfied. 

Notice that, for j ^ 1, if Step j — 1 is successful we have 



Having described the grouping steps, it remains to show §5§ and 

Recall from the previous section that, once u n is fixed, the position of the next 
customer S n+1 is determined by a pair E n+1 , U n+ i of exponentially- and uniformly- 
distributed random variables, or alternatively by the Poisson point process v re- 
stricted to the region {(x, t) : u n (x) < t ^ A4(u n )}. 

We start with j = 0. In this step we pay a finite price p$ to produce a potential 
which exhibits a plateau with convenient shape, namely a potential satisfying ([7]). 
Recall that E\ and U\ are the exponential and uniform random variables used in 
order to produce u\ from Consider the event that E\ and U\ satisfy the following 
requirements. First, that E\ > 6 and second, that U\ lies on the largest interval 
among [0,^^] and [^tj,1]; see ((!]). In the worst case this interval has length |, 
whence the probability that both conditions are satisfied is at least po = |e -6 > 0. 
The requirement for Ui implies that u(Si) ^ u{— Si). Hence, by monotonicity of 
Uq, the occurrence of the above event implies that 



The above inequality implies A , and therefore F U (A ) ^ p > 0. 

Fix some j = 1, 2, 3, ... . We will describe a number of events, which we denote by 
Bi,B 2 ,B 3 , omitting the dependency on j, such that Bi n B 2 D -B3 implies Aj. The 
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conditional probability of B\ n B 2 D B% given ul 3 can be bounded from below by 
some number pj that does not depend on the potential ul 3 as long as it satisfies 
satisfies (|S]). This in turn implies (J5J). 

We stress that, even though the knowledge about these events inconveniently pro- 
vides more information about v than needed in determining ul j+1 , we only study 
them with the purpose of estimating the probability of A,. The occurrence of the 
latter is entirely determined by u^, u^+i, ul j+2 , ■ ■ ■ , u l ]+1 - 

We consider the evolution given by the point process v itself rather than the con- 
struction specified in flTJ. We write V{ — v fl Ri, where 

R\ ={(x,t) : x > Zj,u(x) < t ^ Lj}, 

R 2 ={(x, t):Zj<x< Zj + X+, Lj<t^ Lj + Q+} U 

U {(x, t) : Zj - X~ <x< Zj, u L (x) <t^Lj + Q+}. 



The first event considered is 



k 2 | < 1 



Notice that, conditioned on ul., the number of points \v 2 \ is distributed as a Poisson 
random variable with mean given by the area \R2\- Now, on the event that u^. 
satisfies (JHJ), 

\r*\ < Q+xf + quxj-x + Qt*r-i < sg;x; < c^ 1 ^ < c-^ 

since 

^ < C] l/A and Nj ^ Lj ^ Q -{ h Qj-i ^ Cf /4 , 

and therefore 

P(£iK,) ^ i-ci^i 2 



j3 /2- 



We also need the estimate to be positive for all j, which follows from 
P {B 1 \u L] ) > P [v 2 = <D\u Lj ) = e^ 1 > e~ c > 0. 

We now consider the events B 2 and B 3 , which depend on v^. Define 

A(x) = / [Lj — u(z)]dz, x ^ Zj, 

and write v\ = {(xi,t±), (x 2 ,t 2 ), (x 3 ,f 3 ), . . . } with xo = Zj < x\ < x 2 < x 3 < ■ ■ ■ . 
By definition of v\, we have that (A(x n ) — A(x n -\)) n= i t 2,3,... are i.i.d. exponential 
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random variables with mean 1, independent of itx,.. The events B 2 and B 3 are 
defined in terms of A(x n ), n = 1, 2, 3, ... , whence the estimates on their probabilities 
are always uniform on ■■ 



Consider the event 



Bo :-- 



(1 - e)(tj - 1) < A(x£ j -i) < A(x £j ) < (1 + e)i 3 
By Cramer's large deviation principle 

¥(Bo) > \-e~ Cd K 



Let 



Dj = — 

3 12 



(9) 



(10) 



'IF 



(12) 



(13) 



and consider the event 

B 3 := A(x n ) - A(x„_i) ^ Dj for n = 1, 2, . . . , £j 
By a simple union bound we have 

P(£ 3 ) ^ 1 - l je - D i ^ 1 - ce- cl i. 

Using (HDD and (JT3]) we get 

P(B 2 nB 3 ) ^ 1 -ce' CJj . 

Now, since ^ 1, we have 

P(B 2 n B 3 ) ^ P (1 - e < - A(s n _i) < 1 for ra = 1, 2, . . . , 

and thus adjusting C e we get 

¥{B 2 nB 3 )>l - e" c ^. 

Since z/i is conditionally independent of i> 2 U z/ 3 given u Lp we have that 

F(B 1 nB 2 nB 3 \u L] ) > Pj 

for 

Pi = (l-e- c ^) (e- c V(l-Cr 3/2 ))- 

Notice that the sequence (pj)j=o,i,2,... satisfies (|SJ), thus it only remains to show that 
Bi n B 2 n £ 3 implies A,-. 



y > e~ c ^ > 
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Suppose Bi, B2, and B3 happen. By (JHJ) and monotonicity of u we have 
Nj[x n - x n _i] ^ A(x n ) - A(x n _i) ^ [Lj- - u{x n )\ [x n - x n -i] , 
whence by ([S]) 

x,._ x - Zj ^ x tj - Zj < (1 + e)-^ = X+, (14) 

and by 



Nj 3 v ; 

Moreover, for n = 1, 2, . . . , £j — 1, 

A(x n ) - A{x n - 1 ) < [Lj - u(x^._i)] [x n - x re _i] 

and, by ©, 

as long as = ^ 

Therefore, to prove (jl]) it suffices to show that 

£0 — ^j-i ^ S'ij+n < Slj+Qj, n — 1,2, ... ,Qj — 1. 



(16) 



The remainder of the proof is dedicated to proving f[T6"j) assuming (I14p . ( ITS]) . and 
that i?i occurs. 

We first recall that the points in (x, t) 6 v that correspond to customers 
(S Lj+1 , S Lj+2 , . . . , S l . + q.) are such that u Lj (x) < t ^ Lj + Qf. When these points 
are neither in R\ nor in R2, they must be in R3 given by t E [ul^x), Lj + Qf~\ and 

x < Z,- - X i l 1 or x > Zj + X+. (17) 

The points in R\ are given by (x n , t n )n=i,2,..., and -R2 is either empty or contains one 
point, denoted by (x',f). 

Let n' be the maximal index between and lj such that 

X\, X2, ■ ■ ■ , %n'—l, Xn' ) . 

If nl = lj, we have Qj = lj, thus (ITSl) is satisfied. So suppose n' ^ £j — 1. We claim 
that 
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with x' satisfying 



Dj 

x ri TJ~ X < X n '+li 



and moreover 

S Lj+n+ i = x n for n = n' + 1, n' + 2, . . . , £,-, (18) 

i.e., the points in i? 3 cannot participate the construction of Sl j+ q.. 

In the case x' < x n >, we will have Qj = £j + 1 and Sl^+Qj = xe-. Otherwise, 
x n i < x 1 < x n ' + i, we will have Qj = £j, and in this case SL j+ Q j = x^-i if n' ^ lj — 2 
or Sj Jj+ Q j = x 1 G (x^._i,ar^) if n' = £j — 1. Therefore (JTBjl is always satisfied. 

It thus remains to prove the above claim. By definition of n', the point (x',t') G v 
corresponding to S^+n'+i cannot be in Ri. But it cannot be in R 3 either. Indeed, 
since Si j+n i = x n > and 

Dj 

Xri < ^n'+l ^ x ri + 5 

we must have 

Da D,. . 

X - -T-r < £„' - — - < X < X n > +1 , 

thus x' cannot satisfy 017|) . Therefore, (x',f) is the only point in u 2 . 

We finally show ffT8]) . Start with n = n' + 1. Write x = SV+ n '+2, corresponding to 
a point (x, t) G za This point cannot be in R 2 , since (x', t') was the only such point. 
As before, 

I / | | / D j 

\X — £ n '+i| \X — X n ' \ + \X n > — X n '+i| 2——, 



N 3 



thus we must have 

x < av+i ^ x £j ^ + X+ 

and 

\x - x \ < 2—, 



whence 



N 3 



Dj Dj 



and again x cannot satisfy ( fl7|) either. Therefore, (x, t) G ^i which implies x = x n i + i. 
For n = n' + 2, . . . , £j the argument is the same. 
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